Abstract. We investigate the fundamental mode of non-radial oscillations of non-rotating compact stars in general relativity using a set of equations of state (EOS) connecting stateof-the-art calculations at low and high densities. Specifically, a low density model based on the chiral effective field theory (EFT) and high density results based on perturbative Quantum Chromodynamics (QCD) are matched through different interpolating polytropes fulfilling thermodynamic stability and subluminality of the speed of sound, together with the additional requirement that the equations of state support a two solar mass star. We employ three representative models (EOS I, II and III) presented in Ref.
be reliably obtained up to the nuclear saturation density, but for larger densities, its determination depends crucially on the knowledge of strong interactions in a regime that cannot be reached experimentally. As a consequence, there is a large amount of phenomenological high-density EOSs in the literature that incorporate several aspects that could play a crucial role at the inner core of the star, such as three-body forces, bosonic condensates, hyperonic degrees of freedom and quark matter. On the other hand, efforts have been made to constrain the EOS and the structure of cold neutron stars from first principles (see e.g. [1, 20] ). This can be achieved by connecting by some means an EOS describing the well understood regime of low densities described by a low-energy chiral effective field theory [20] with the ultrahigh density regime described by perturbative quantum chromodynamics (QCD) [21] . In this work we use this kind of EOSs to study the resulting effects on the f -mode of NSs.
The paper is organized as follows: in section 2 we introduce the EOSs. In section 3 we summarize the formalism for studying non-radial oscillations of non-rotating compact stars in general relativity. In section 4 we present our results and in section 5 our main conclusions.
Equations of state
In the outer layers of a compact object, the matter composition goes from nuclei immersed in an electron sea in the outer stellar crust to increasingly neutron-rich matter in the inner crust and outer core. The EOS in this regime has been usually obtained through many-body calculations employing phenomenological potentials, typically accounting for two-and threenucleon interactions (see e.g. [22] ). More recently, the development of chiral EFT has given a frame for a systematic expansion of nuclear forces at low momenta explaining the hierarchy of two-, three-, and weaker higher-body forces [23] [24] [25] [26] [27] [28] . At present, microscopic calculations based on chiral EFT interactions allow a reliable determination of the properties of neutron star matter up to the nuclear saturation density n 0 ; specifically, the pressure is currently known to roughly ±20% accuracy at n 0 [26, 28] . In the regime of intermediate densities above n 0 , our understanding of the EOS is insufficient, but strong constraints can be imposed from precisely determined neutron star masses [29, 30] .
At high densities, the EOS of cold quark matter can be obtained through perturbative QCD. Calculations have first determined the EOS for massless quarks to order α 2 s in the strong coupling constant [31, 32] , and later generalized to systematically include the effects of a nonzero strange quark mass at two [33] and three loops [34] . The EOS depends on an unphysical parameter, the scale of the chosen renormalization scheme. This dependence, which diminishes order by order in perturbation theory, offers a convenient way to estimate the contribution of the remaining, undetermined orders, and thus serves as a quantitative measure of the inherent uncertainty in the result [1] . Here we use the numerical EOS derived in [34] which is well represented by a fitting function for the pressure in terms of the baryon chemical potential µ B [21] . Fixing the strong coupling constant and the strange quark mass at arbitrary reference scales (using lattice and experimental data), the EOS of quark matter in β-equilibrium reads EOS I EOS II EOS III P = ε/3 P = ε Figure 1 . Pressure P versus energy density for three representative EOSs that delimit a region of models that support a star of 2M . These EOSs were chosen taking into account the mass-radius relationship they provide after the integration of the stellar structure equations (see Sec. 3). In fact, EOS I gives the minimum radius, EOS II the maximum mass, and EOS III the maximum radius for compact stars.
formulae reproduce correctly the full three-loop pressure, the quark number density and the speed of sound to per cent accuracy for baryon chemical potentials up to 6 GeV [1, 21] . To obtain the EOS for any density, the following procedure is used. At densities below 1.1n 0 , the chiral EFT EOS of [28] is used, assuming that the true result is within the error band given in this reference. At baryon chemical potentials above 2.6 GeV, where the relative uncertainty of the quark matter EOS is as large as the nuclear matter one at n = 1.1n 0 , the expression of Eq. (2.1) is used. Between these two regions, it is assumed that the EOS is well approximated by an interpolating polytrope built from two monotropes of the form
where i = 1, 2, with µ B,i and n i being the baryon chemical potential and the baryon density respectively. These functions are connected smoothly and also allowing a density jump at the matching point of the two monotropes due to a first-order phase transition.
Varying the polytropic parameters and the transition density over ranges limited only by causality, a band of EOSs is obtained that can be further constrained by the requirement that the EOS is able to support a two solar mass star. The resulting band is largely unaffected by the nature of the assumed phase transition or by the introduction of a third interpolating monotrope. Here we adopt three representative EOSs presented in tabulated form in Ref. [1] which are maximally different from each other: EOS I gives the minimum radius, EOS II the maximum mass, and EOS III the maximum radius for compact stars (see Figs. 1 
and 2).
A similar strategy for the EOS has been presented in [20] , using the the same low-density EOS as here and taking into account the 2 M condition. However, Ref. [20] doesn't require the result to approach the perturbative QCD EOS at large densities and therefore they obtain a somewhat wider band for the allowed EOSs. 
The formalism for studying non-radial oscillations
The equilibrium configuration of a non-rotating compact star composed of a perfect fluid is determined by the Tolman-Oppenheimer-Volkoff equations dp dr = − m r 2 1 +
where m is the gravitational mass inside the radius r and ν(r) is a metric potential. The pressure p and the mass-energy density are related by the equations of state given before. The boundary conditions are m(0) = 0, p(R) = 0 and ν(R) = ln(1 − 2M /R), where R is the radius of the star and M its mass. The polar non-radial perturbations of a non-rotating star can be described through a set of equations presented in [19, 35] . The perturbed metric tensor reads 4) and the polar perturbations in the fluid are given by the following Lagrangian displacements
where Y m (θ, φ) are the spherical harmonics, and we restrict to the l = 2 component, which dominates the emission of gravitational waves. With this, non-radial oscillations are described by the following set of first order linear differential equations [35] :
10)
where the prime denotes a derivative with respect to r and γ is the adiabatic index. The function X is given by 12) and H 0 fulfills the algebraic relation
with
14)
15)
16)
Outside the star, the perturbation functions that describe the motion of the fluid vanish and the system of differential equations reduces to the Zerilli equation:
where Z(r * ) and dZ(r * )/dr * are related to the metric perturbations H 0 (r) and K(r) by transformations given in Refs. [19, 35] . The "tortoise" coordinate is r * = r + 2M ln(r/(2M ) − 1), and the effective potential V Z (r * ) is given by 19) with n = (l − 1)(l + 2)/2. The system of Eqs. (3.8)−(3.11) has four linearly independent solutions for given values of l and ω. The physical solution needs to verify the appropriate boundary conditions. (a) The perturbation functions must be finite everywhere, in particular at r = 0 where the non-radial oscillation equations are singular. To implement such condition it is necessary to use a power series expansion of the solution near the singular point r = 0 (the procedure is explained in detail in [19] . (b) The Lagrangian perturbation in the pressure has to be zero at the surface of the star r = R. This implies that the function X must vanish at r = R. Given specific values l and ω, there is a unique solution that satisfies the above boundary conditions inside the star.
In general, outside the star the perturbed metric describes a combination of outgoing and ingoing gravitational waves. The physical solution of the Zerilli equation is the one that describes purely outgoing gravitational radiation at r = ∞. Such boundary condition cannot be verified by any value of ω and the frequencies that fulfill this requirement represent the quasinormal modes of the stellar model. The numerical procedure to solve the above equations is explained in [19, 35] .
A variety of modes can be studied through the above equations. The so called purely gravitational modes (w-modes) do not induce fluid motion and are highly damped. The so called fluid modes (f , g and p) are usually classified according to the source of the restoring force which prevails in bringing the perturbed element of fluid back to the equilibrium position, e.g. buoyancy in the case of g-modes or a gradient of pressure for p-modes. The frequencies of g-modes are lower than those of p-modes, and the two sets are separated by the frequency of the fundamental (f ) mode. The f -mode eigenfunctions have no nodes inside the star, and they grow towards the surface. Its frequency has been shown to be quite proportional to the square root of the mean density of the star and tends to be independent of the details of the stellar structure. In this work we focus only on the f mode because it is expected to be the most excited in astrophysical events and therefore the main contribution to the GW emission of the star should be expected at this frequency.
Results
We integrated the stellar structure equations (3.1)−(3.3) for EOS I, II, III and obtained the results shown in Fig. 2 . As stated previously, of all models that are consistent with low density nuclear matter and perturbative QCD, EOS I gives the minimum stellar radius, EOS II the maximum mass, and EOS III the maximum stellar radius. Thus, the shaded area in the M − R plane contains essentially all the stellar models that are consistent with the required constraints (see Ref. [1] for a detailed discussion).
The oscillation equations given in the previous section are integrated for quadrupole modes (l = 2) using the method explained in Ref. [37] . This procedure allows obtaining ω for each value of the central density of the star, or equivalently for each value of the stellar mass. The real part of ω is the pulsation frequency (f = Re(ω)/2π) and the imaginary part is the inverse of the damping time of the mode due to gravitational-wave emission (τ = 1/Im(ω)).
On the left panel of Fig. (3) , we show the frequency f of the fundamental mode for stars with different masses. For NS masses above ∼ 1M , which is the range of astrophysical interest, the oscillation frequency falls within a narrow window in the range ∼ 1.4−2.4 kHz. In particular, for a canonical 1.4M neutron star the maximum frequency is 2 kHz and for 2M it is 2.4 kHz. The corresponding values for the damping time are showed on the right panel of Fig. (3) . All these results are in good agreement with a large amount of results obtained in the last years using a variety of phenomenological models. Still, we must emphasize that the main contribution of the present results is that they provide an EOS-independent band where future f -mode measurements should be expected. An interesting and potentially useful aspect of the f -mode is that it can be described by universal fitting formulae that are argued to be quite EOS-independent [36, [38] [39] [40] . In fact, it has been shown that the oscillation frequency f of the fundamental mode has a reasonably linear dependence on the square root of the average density and the damping time τ can be fitted with simple formulae involving the stellar mass and radius. Using several phenomenological hadronic EOSs it has been shown in Ref. [38] that general "empirical relations" can be obtained for both f and τ . Later, new empirical relations were obtained employing additional hadronic and quark EOSs [36, 41] , different fitting formulae [39, 40] , and models for absolutely stable quark matter [37] . These results suggest that the mass and radius of a compact object could be inferred if f and τ were detected by the new generation of gravitational wave detectors. However, strictly speaking, these empirical relations are not entirely EOS-independent, but incorporate into simple formulae several results that fall around the fitting curves. Thus, it would be desirable to establish reliable boundaries, as EOS-independent as possible, to the expected properties of the f -mode. To this end, we have explored the same empirical relations analyzed in [36, 38] using the EOSs presented in Sec. 2.
On the left panel of Fig. (4) we show f as a function of the square root of the average density. For low average densities, which according to Fig. 2 correspond to low-mass stars, our results are close to the BFG fit for hadronic stars [36] , but for large average densities (high mass stars) the curves fall near the fit corresponding to CFL strange quark stars [37] . We observe a similar behavior for τ in the right panel of Fig. (4) . The band obtained for the EOS (see Sec. 2), translates into well defined windows for f and τ as functions of combinations of the stellar mass and radius. Since these windows are narrow and rather model independent, the simultaneous observation f and τ can be used to set robust constrains on the mass and radius of compact objects.
Summary and conclusions
In the present paper, we studied the fundamental mode of non-radial oscillations of nonrotating compact stars using a set of EOSs obtained from interpolation between the regimes of low-density nuclear matter and high-density perturbative QCD. These two limiting cases are the outcome of reliable calculations within the fundamental theory of strong interactions and, as a consequence, they represent robust limits that should be fulfilled by the EOS at intermediate densities. These two limits are connected by interpolating monotropes that are all subluminal. Additionally, the resulting EOS must be able to support a star with 2M , in agreement with the confirmed existence of two solar mass pulsars. Since there is some stress between the softness imposed by the perturbative EOS at high densities and the stiffness required by the 2M condition, the allowed EOSs at intermediate densities fall within a narrow stripe (see Fig. 1 ) which in turn determines a well defined region in the mass-radius diagram of compact stars (see Fig. 2 ). In the present work we used three different EOSs presented in Ref. [1] : EOS I and EOS III were selected because they delimit the left and right boundaries of the allowed region in the mass-radius plane and EOS II was chosen because it gives the largest possible mass, ∼ 2.5M (see Fig. 2 ).
Using EOSs I, II and III, we have solved the oscillation equations for the fundamental quadrupole mode and determined the frequency f and the damping time τ for NSs with different masses. For stellar masses above ∼ 1M , which is the range of astrophysical interest, the oscillation frequency falls within a narrow window in the range ∼ 1.4 − 2.4 kHz. For the same mass interval, the damping time varies between 200 − 600 ms (see Fig. 3 ). We have also explored whether our results for the f -mode properties can be described through universal fitting formulae already known from the literature [36, 38] . Specifically, we calculated f as a function of the square root of the average density and R 4 /(cM 3 τ ) as a function of the NS compactness M/R. In the case of the frequency, we find that for low mass NSs the curves fall close to the hadronic fit presented in Ref. [36] but for high mass NSs they approach to the fit for CFL strange quark matter given in Ref. [37] ) (see Fig. 4) . A similar behavior is observed for the damping time.
As emphasized previously, our calculations are in good agreement with many previous works that used a variety of phenomenological EOSs. Notwithstanding, the results presented here are important because they constrain the possible values for f and τ within quite model independent windows that are the consequence of state-of-the-art reliable microphysics. In principle, detections of the f -mode of non-rotating compact stars should fall within the windows presented in Figs. 3 and 4 . Measurements falling outside these windows, could indicate that some fundamental aspect not included in the present EOSs might play a significant role. For example, there is a family of exotic compact stars that cannot be described by the mere interpolation between state-of-the-art low and high density EOSs (e.g. CFL strange quark stars entirely composed by color superconducting quark matter [37] , and in general any model for strange quark matter). Additionally, in the case of hybrid stars composed by hadronic and quark matter separated by a sharp interface, a significant role may be played by the speed of the phase conversion of oscillating fluid elements in the neighborhood of the quark-hadron interface [42] . This emphasizes once more the necessity of gravitational wave astrophysical measurements to set bounds on the properties of ultra dense matter.
